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Abstract: In this paper, we present our numerical simulation capability, developed within the
Abaqus/Standard environment, for modeling steady-state wave propagation through soft dielectric
elastomer composites. Specifically, we will discuss (a) a nonlinear user-element subroutine (UEL)
to simulate the coupled electric-displacement response of these soft materials, (b) a user MPC
subroutine to enforce complex-valued Bloch-Floquet constraints, as well as to impose appropriate
updated Lagrangian boundary conditions on the representative volume element (RVE), and (c) a
method within the UEL to lower the dispersion error in the solution by modifying the mass matrix.
Through the combination of these methods, we can study how the application of an electric field to
these materials results in opening and closing of phononic band-gaps, that is, frequency ranges in
which propagating waves through the dielectric elastomer composite are not permitted. This
modeling framework is useful to guide the development of phononic metamaterials that cannot be
studied analytically and leverages the computational backbone of Abaqus/Standard, which
enhances portability and maintainability of our modeling approach. We envision using these
electrically-tunable phononic metamaterials to provide vibration isolation for undersea
structures. This work is supported through the Naval Undersea Warfare Center In-house
Laboratory Independent Research (ILIR) program.
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1. Introduction

A solid phononic crystal exhibits shear and longitudinal propagating waves which can harness
constructive interference through Bragg scattering (see e.g., Lai, 2001). Interest in these materials
has grown in recent years, and small-strain (e.g. metallic or ceramic) phononic crystals have been
extensively researched. Tunability of small-strain phononic crystals has been explored using
piezoelectrics (Oh, 2011) and magneto-elastics (Vasseur, 2011, Matar, 2012), but because of the
high wave speeds, the physical dimensions of the resulting phononic crystals tend to be large. Soft
materials offer the advantage of lower shear wave speeds which do not require very large unit cell
dimensions. Since elastomers exhibit non-linear elastic material behavior, it is straightforward to
change stiffness properties of the unit cell through large deformation, thereby changing the speed
of wave propagation. This route to achieving tunability is just beginning to be explored. For
instance, Bertoldi and Boyce (2008) demonstrated significant band gap dependence on finite pre-
deformations in very soft elastomeric phononic crystals containing voids. They noted that by using
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an externally applied force to deform the unit cell, opening and closing of band gaps was
observed. In some cases, they opened total band gaps, which block all shear wave polarizations.

Dielectric elastomers (DEs) offer a unique way to couple the large reversible deformations
required for tunability with an externally applied electric field. DEs began appearing in the
literature in the late 1990s (Pelrine, 1998, 2000). They deform significantly when a voltage is
applied through a set of complaint surface-mounted electrodes. DEs are different from
piezoelectric materials in that piezoelectrics typically only undergo small deformations, possess a
linear relation of electric field to stress, and are polar crystalline solids. DEs, on the other hand,
undergo large deformations, possess a quadratic relation between electric field and stress, and are
non-polar amorphous materials. Research in using DEs for phononic crystals was discussed by
Shmuel (2012) who developed analytical solutions for elastic wave propagation in a one
dimensional periodic laminate undergoing large homogeneous deformations in response to an
electric field. Shmuel (2013) expanded on this work by deriving analytical solutions for a DE
composite made up of an array of cylindrical fibers in a matrix, but this was again limited to
homogeneous pre-deformations.

Numerical prediction methods are required for applications involving inhomogeneous
deformations, but these approaches are largely new to DEs (Vu, 2007, Henann, 2013). We are
currently using a User Element (UEL) subroutine within the Abaqus/Standard environment,
developed by Henann (2013), to solve for the coupled electro-mechanical response of the
composite solid. In the present work, we have extended this code to be compatible with an
Abaqus natural frequency extraction analysis step. In addition, we have included complex-valued
Bloch-Floguet boundary conditions on the periodic solid using a user defined MPC subroutine.
Finally, to obtain higher order accuracy for a given finite element mesh, we have implemented a
modification to the calculation of the mass matrix (also through the UEL subroutine) to reduce
wavenumber dispersion (Jandron, 2015).

The outline of this paper is as follows. Section 2 summarizes the coupled electro-mechanical
constitutive model that is implemented in the UEL. Section 3 discusses the RVE-based modeling
approach and associated MPC constraints. Section 4 summarizes the modifications made to the
mass matrix in order to lower dispersion. Section 5 shows some representative results utilizing
this approach including a verification of the new mass integration scheme. And finally, Section 6
summarizes the main points of this work and gives an outlook into future efforts.

2. Coupled Electric-Displacement Theory

A very brief summary of the theory involved in the solution of the coupled electro-mechanical
response for the dielectric elastomers is presented. Further descriptions are contained in
McMeeking and Landis (2005, 2007), Dorfmann, Ogden, and Bustamante (2005, 2009, 2010,
2014) Suo, Zhao, and Greene (2008), Henann et al. (2013), and references contained therein.

Consider the mapping shown in Fig. 1, x = X (X, t) which maps a reference material particle X to
a current position x. The deformation gradient is F = VX, which can be decomposed through the
polar decomposition theorem as a stretch followed by a rotation, F = RU. The volume change is
defined by the Jacobian, J = det F and left/right Cauchy-Green stress tensors are B = FFT and
C = FTF, respectively.
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Reference configuration Deformed configuration

Figure 1. Mapping of a material part from the reference to the current configuration.

In the current configuration, the mechanical response is governed by the conservation of
momentum,

V-6+b=0 (inP)

o-n=t (on oP)

where o is the Cauchy stress, b is the body force, n is outward unit vector normal to the surface
boundary, and t is the applied traction vector on the surface boundary.

The electrical response is assumed electrostatic and is governed by two of Maxwell’s equations:
Gauss’s law and Faraday’s law. Faraday’s law is satisfied if the electric field in the material is
given through the gradient of the voltage field, ¢ as,

E=-Vop (inP)

Gauss’s law relates the electric displacement vector, D, to the volumetric free charge density, g, in
the dielectric and to the surface free change density, ®, on the boundary surface as,

V-D=g (inP)
D-n=-w (on oP)

The constitutive response for a time-independent dielectric elastomer is entirely given through a
free energy function. (For a complete discussion of the thermodynamics of DEs, see Henann et al.
(2013).) The free energy can be expressed through a hyperelastic constitutive law, e.g., a Neo-
Hookean, Gent, or Arruda-Boyce model, for the mechanical response and an equation of state for
the dielectric material (typically taken to be an ideal dielectric). This yields a set of constitutive
equations relating the electrical and mechanical behavior of the material.

For example, for the case of a free energy function consisting of a Gent rubber hyperelasticity
model and the ideal dielectric, the Cauchy stress in the material is given by,

L =31
0:u<1— 11 ) B + ¢EQE — P1

m
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where p is the initial shear modulus, I; = trace(B), I,,,is a Gent material parameter (henceforth
just I will be used since the subscript notation will be reserved for the material in the unit cell)
denoting the stiffening effect of polymer chains in the elastomer, € is the electric permittivity of
the dielectric elastomer, P is the pressure, and 1 is the identity tensor. Similarly, the electric
displacement in the material is related to the electric field by,

D = €E.

A finite element implementation can be developed utilizing nodal displacement degrees of
freedom for the mechanical response and an electric potential degree of freedom for the electric
behavior. Because the problem is non-linear due to finite deformations and non-linear material
behavior, a Newton-Raphson iterative scheme can be employed. Element-level residuals and
tangents can be coded into a user defined element (UEL) subroutine and solved with Abaqus (c.f.,
Henann, 2013).

3. Periodic Constraints

In the cases of periodic structures (or even statistically periodic) it is convenient to define a single
unit cell with appropriate boundary conditions to represent the macroscopic behavior of the overall
structure. This approach is commonly referred to as the Representative Volume Element (RVE)
approach. It was originally developed for micromechanical plasticity models (Tvergard, 1982,
Socrate, 1995) then polymeric composites (Danielsson, 2002, Parsons, 2006) but can also be
applied to phononic crystal research (Bertoldi, 2008).

A key concept in the RVE approach is the addition of three virtual nodes which can be used to
prescribe a macroscopic deformation gradient,

Fll -1 F12 F13 U Inodel uzlnodel Us |node1
Fyy Fp—1 Fy3 = |Uilnodez  U2lnodez  Uzlnodez |-
F31 F32 F33 -1 Uy |node3 uzlnode3 Us |node3

This means, if nodes A and B are a periodic pair, their displacements, u|,, u|g, are related through
ulp —ul, = (F — D{X|p — X4}

where F is the macroscopic deformation gradient and X is the position in the reference
configuration. The more challenging aspect, however, is enforcing the complex-valued Bloch-
Floquet constraints which are required to model wave propagation in the solid. For a 1D solid,
this constraint is simply

u(A) = u(B)etkxl
where A is the left most side, B is the right most side, k, is the wavenumber in the x-direction, L
is the length of the solid, and i = v—1. Then, by imposing k., a complex valued relation between
u(A) and u(B) is known. Applying this type of constraint requires that the finite element mesh be

duplicated into a real and an imaginary mesh. Then, the MPC user subroutine is used to relate
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these otherwise disconnected meshes and enforce this constraint. This approach extends to the 3D
cases considered in the present work.

4. Scheme for Reduced Dispersion

Since our interest is in extracting natural frequencies, we are concerned with the error of the
resolved wavelength compared to the exact solution which is known to become worse as
wavelength decreases since there will be less nodal degrees of freedom per wavelength. This is
commonly referred to as dispersion error. Hughes (2000) was one of the earliest to realize that the
choice in how the mass matrix is computed can reduce dispersion. He noted that by using a
lumped mass scheme the finite element solution exhibits a phase lag compared to the exact
solution, and conversely by using a consistent mass scheme the finite element solution exhibits a
phase lead compared to the exact solution. He also noted that by using a simple average of both
schemes gives two orders more accuracy. However, in most finite element implementations, the
computational cost associated with assembling both of these schemes becomes excessive. By
default Abaqus/Standard uses a lumped mass formulation for lower-order elements, but not for
higher-order elements, and in Abaqus/Explicit lumped masses are always used. There are
advantages to lumped or diagonal mass matrices for explicit dynamics where the mass matrix
changes and needs to be inverted at every time step, but there is minimal advantage in an implicit
scheme. Recently the work of Challa (1998), Guddati (2004), and Ainsworth (2010) showed that
it was possible to modify the integration quadrature scheme and obtain one full order of accuracy
boost without any increased computational cost. An explicit construction of the integration points
and weights is described in Ainsworth (2010) and the final result is described here for
completeness. First, the roots of the Legendre Polynomial are used to give the integration points

{fi ?:0!
L’p+1(€i) - TL’p—l(Ei) =0
where L, (§;) denotes the first derivative of the Legendre polynomial of order p and 7 is the

optimal blending parameter, T = p/(p + 1). Once these points are known, we compute the
associated weights using,

_ 2[p(1 + 1) + 1]
p(p + 1)Lp(€i)[l‘lp+1(€i) - TL;;-1(fz)]

Then these points and weights are used to numerically approximate the following integral,

| Zf(x)dx - Z wif (<o)

This result easily extends to higher dimensions by using a tensor product of these points and
weights. These are computed and tabulated in Ainsworth (2010) and again in Jandron (2015) but
a summary of these are presented in Table 1 below. It is termed the optimally blended integration
scheme by Ainsworth.

Wi
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Table 1. Optimally Blended Integration Points and Weights

Order, p Abscissas, & Weights, w;

1 + 0.8164965809277260 1

2 0 1.2307692307692306
+ 0.9309493362512628 0.3846153846153845

3 + 0.4293520583157873 0.8001739855520776
+ 0.9643352758795620 0.1998260144479225

Jandron (2015) implemented this new quadrature scheme into an Abaqus UEL suitable for 1D,
2D, and 3D continuum elements of various order. Using this UEL with Abaqus, we were able to
improve accuracy with no additional computational cost. The error originally present at ten nodes
per wavelength was now present at four nodes per wavelength. As a result, this UEL has been
incorporated into the present work so that a coarser mesh can be used to obtain similar orders of
accuracy at a smaller computational cost.

5. Results

In order to demonstrate all aspects of our numerical simulation capability, we consider a
representative composite material made up of cylindrical inclusions (i) arranged on a square lattice
in the matrix (m), so that the periodic unit cell of the composite takes the form shown in Fig. 2,
right. The periodic unit cell is modeled in Abaqus using a generalized plane strain setting to allow
for out-of-plane shear wave polarizations. This is achieved by utilizing one continuum element in
the out-of-plane direction. The RVE may first be subjected to large pre-deformations, utilizing the
virtual nodes, followed natural frequency extraction analyses. For the natural frequency steps, the
complex-valued Bloch-Floquet boundary conditions are prescribed through the MPC user
subroutine, using an approach that splits the real and imaginary variables. Since the Bloch-
Floquet constraint is dependent on wavenumber, we perform multiple Abaqus/Standard natural
frequency extraction steps where a different wavenumber is applied in each step, which
corresponds to tracing the boundary of the irreducible Brillouin zone (Srivastava, 1990) as shown
in Fig. 2, left. The wavevector is varied through the MPC subroutine and natural frequencies are
extracted which are later used to construct the phononic band structure. This approach is also
described in more detail in Bertoldi (2008).

M
A2 A Matrix oy, pm, €mo Im

G X Inclusion

Hi» Pir €ir I

|-
Ll
Reciprocal Lattice Primitive Cell A 1

Figure 2. Reciprocal lattice and primitive cell used in RVE and Bloch-Floquet constraints. We
take A; = A, = A = 1 for all work in this paper.
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For material properties: p is the mass density, ¢ is the dielectric permittivity, | is a material
parameter for the Gent hyperelasticity model, x is the elastic shear modulus, and K is the elastic
bulk modulus. It is assumed that K /u = 1000 for the analysis to represent approximate
incompressibility.

Our first task is to illustrate the increased accuracy obtained by utilizing the blended mass scheme
with reduced dispersion error. We compare results obtained using the default Abaqus mass
integration scheme with those obtained using the blended integration scheme for a case in which
the exact solution of the phononic band structure is known. The exact solution follows from
Shmuel (2013) where he computed the band structure for shear waves with out-of-plane
polarization for dielectric elastomers subjected to static, large, homogeneous out-of-plane pre-
deformations (i.e., parallel to the cylinder axis). Shmuel’s approach was to modify the result of
Kushwaha (1993) and Kushwaha (1994), who developed the solution for infinitesimal
deformations, by accounting for the increase in u caused by electrically induced deformation.

Fig. 3 left shows results obtained using the default Abaqus/Standard C3D8-element mass-matrix
integration scheme compared to the exact out-of-plane solution while Fig. 3 right shows results

obtained using the blended mass integration scheme compared to the exact out-of-plane solution.
The in-plane wave polarizations are shown on the left of each band diagram for reference but an

exact solution cannot be derived for this case. The properties are defined by :—l =10, :—L =10,

;’—" =1,I; = I, = 10, and an in-plane equibiaxial pre-stretch of A = 1.2 is applied. These figures

are directly compariable to Shmuel (2013) Figure 2b except a higher number of plane waves
(=50 < ny,n, <50) isused in the wavenumber expansion (see e.g., Kushwaha 1993) which
generates a more converged analytical solution. The difference between the default integration
scheme vs. the blended scheme become noticeable as wavenumbers increase (increasing along y-
axis), and since there is no additional computational cost — the method is attractive.

-
o, 3
3‘\%; 5:
! R e
¢ 2._3’;/’ -4 L
% 15% j — 9‘
. 7\'.-‘..’- -.-q.. f -#/'
os ..,."""' .'._... /// '.."..
0.-"'.-' ""s
G X M G X M G X M G X M G

Figure 3. Effect of higher order blended integration mass matrix. Left refers to mass matrix
using the default lower-order element in Abaqus/Standard (C3D8) and right refers to the mass
matrix using the blended integration scheme. Finite element results are shown as black circles and
red X’s refer to exact solutions. Left and right sections of each plot refer to in-plane and out-of-
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plane wave polarizations, respectively. Stray circles represent bulk waves which are still present in
the solid because K /u = 1000. Solution parameters -~ = 10, £+ = 10, 2 = 1,1, = I, = 10,

€m

and an in-plane equibiaxial prestretch of A = 1.2. Also w denotes C|rcular frequency, A denotes

the unit cell dimension, and ¢, denotes the shear wave speed in the matrix material ¢; = /tim/Pm
(computed using u,, = 2€6, p,, = 1000).

Next, we study the effect of material properties on the response of the representative phononic
crystal composite. Our analysis proceeds in two steps: (1) a quasi-static analysis, in which large
pre-deformation is attained through the application of a far-field electric field and (2) a set of
natural frequency extraction steps for different wavenumbers in order to construct the dispersion
diagram. Focusing on the first step, consider the case with a shear modulus mismatch of :—‘ = 10.

Fig. 4 left shows how an applied normalized electric field, %\E (e.g., see Henann, 2013), in the

horizontal direction affects the macroscopic stretch A in the unit cell for different values of —-

€m
Here, € is the volume averaged electric permittivity, € = vye; + (1 — vf)em, u is the volume
averaged shear modulus, ¢ is the voltage difference applied to the unit cell, and A is again the
undeformed unit cell length. From Fig. 4 left we see that :—‘ = 1 requires the least amount of
m

electric potential to reach A = 1.125 + 0.0001 (this was achieved through a UAMP subroutine),
and increasing electric potential is required to reach a given stretch as max (ie—’“) increases.

€m €;

1.5 \
—0—61/6,” =100
— Ei/em =10
Ei/e'm =1
——¢;/en, = 0.1
——¢; /€y, = 0.01

o=

0.5

1 1 1

1 1.02 1.04 1.06 1.08 1.1 1.12 1.14
A

Figure 4. Normalized electric potential versus vertical stretch. Black x’s denote final solution.
All cases reach the goal of 2 = 1.125 + 0.0001 except :—‘ = 100 because of mesh distortion.
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Fig. 5 shows field results of electric potential ¢ and maximum principle logarithmic strain ¢ after
the electric field has been applied which results in a vertical stretch of 2 = 1.125 + 0.0001. The
Ee—" = 1 case shows the most elliptical inclusion shape, the minimum amount of strain overall, as

m

well as minimum strain on the left and right sides of the inclusion. For = 10 substantial strain

in the matrix material on the sides of the inclusion are evident. Asa result of this, the inclusion
shape is more circular. As i further increases this effects continues and eventually mesh

distortion causes the analy5|s to fail. For L <1 we see similar effects. Hence, for the difference

permittivity mismatches, different mlcroscoplc deformation is attained despite identical
macroscopic deformation.

The effect of the microscopic differences in the deformation also affects the phononic band
structure. Figs. 6 and 7 show the phononic band structure for :—l =10 and ;‘—L =100,

respectively. The blue regions represent frequency ranges in which out-of-plane shear waves do
not propagate (i.e., band-gaps), yellow regions represent in-plane, and purple regions represent
total band-gaps, that is, regions where both shear wave polarizations are prohibited. Each

unactuated case is identical, as expected. However, differences emerge as ¢ increases for each :—L
m

case. Band-gaps appear to shift, open, and close. For comparison, we show band structures for

the same macroscopic vertical stretch as the electric potential increases. Electric potential values

are per unit cell.

Fig. 7 shows a situation in which the externally applied electric field causes a total band-gap to
appear. Interestingly this total band-gap peaks around 2 = 1.075 and vanishes in two of the three
cases by 1 = 1.125. We envision tunability through an externally applied electric field to obtain
band-gaps in a frequency range of interest.
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Figure 6. Dependence of the phononic band gap structure on :—‘ and ¢ for :—‘ = 10. Note ¢ is
m m

applied until stated macroscopic A is met. Left, in-plane; right, out-of-plane. Field results show
contours of the electric potential in the unit cell.
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Figure 7. Dependence of the phononic band gap structure on :—‘ and ¢ for :—‘ = 100. Note ¢ is
m m

applied until stated macroscopic A is met. Left, in-plane; right, out-of-plane. Field results show
contours of the electric potential in the unit cell.
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Electric field direction (only a horizontally applied electric field was considered in the present
work), volume fraction, inclusion shape and lattice arrangement will be considered in future work.
Further study of the effect of electric permittivity mismatch on microscopic shape change is also
warranted. We anticipate to leverage the work of Wang (2007) who showed that the largest
complete band-gaps occur when the shape of the inclusion matches that of the lattice. Wang
(2007) and Qian (2008) also show optimal volume fractions which give the largest first complete
band-gap for various inclusion shapes and lattice arrangements. However, little is still known
about how all of these studies extend into the finite deformation case. Much work is still to be
done in this area, and especially what role these dielectric elastomers can have for tunability of
phononic crystals.

6. Conclusions

In summary, we have made use of Abaqus/Standard to study wave propagation in electrically
tunable soft phononic crystals. This was possible by extending the coupled electric-potential-
displacement UEL subroutine developed by Henann (2013) to work with wave propagation
problems. We have also developed an MPC subroutine to impose periodic boundary conditions
on RVEs and to enforce complex-valued Block-Floguet conditions so that natural frequencies may
be extracted for specified wavenumbers. Finally, we leveraged work from Jandron (2015) who
developed an Abaqus/Standard UEL to achieve higher accuracy in resolving wavelength in wave
propagation problems. All of these additions build up to a framework that we can use to explore
the vast parameter space of phononic crystal tunability using dielectric elastomers.

In Section 5 we showed how an electric permittivity mismatch can be used to affect the
deformation inside the unit cell under an applied electric field, and also how these results are
heavily dependent on electric field strength. This was evident through the opening and closing of
band-gaps even for the small amount of resulting vertical stretch A = 1.125. The effect of shear
modulus mismatch also strongly affects band-gaps, and further work is needed to quantify the
effect this mismatch has on the tunability potential of the composite.

In closing, most importantly, since unit-cell-level differences can exist in the solid despite the
same macroscopic shape, the study of designing phononic crystals of dielectric elastomers could
unlock new ideas for tunability that cannot be achieved by other (e.g., mechanical) means.
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