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ABSTRACT 

To include the self-heating effect into the fatigue computation, information 
regarding hysteresis energy is required. As shown in Fig. 1, the hysteresis 
energy can be calculated by subtracting strain energies during the loading 𝑊𝐿 
and unloading 𝑊𝑈 event. The calculated hysteresis energy includes 
information regarding both plastic deformation together with damage induced 
dissipations. 

Figure 1 Cyclic hysteresis energy changes during cyclic loading a polymer system. 
Three effects are shown: (1) the fatigue damage mechanisms result in progressive loss 

of elastic properties, (2) the hysteresis energy changes due to progressive plasticity and 
damage interactions, and (3) the stress level is reduced because the elastic modulus will 

decrease at higher cycles. 
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1. Elastic, Plastic and Creep Constitutive Laws

It is assumed that infinitesimal deformation mechanisms govern the fatigue 
loading and the total strain rate tensor ϵ̇𝑖𝑗 is partitioned into undamaged elastic 
rate 𝜖̅𝑖̇𝑗𝑒 , thermal strain rate 𝜖̇𝑡ℎ, plastic strain rate 𝜖𝑖̇𝑗

𝑝 , creep strain rate 𝜖𝑖̇𝑗𝑐 , and
damage induced strain rate 𝜖𝑖̇𝑗𝑑  tensors, 

𝜖𝑖̇𝑗 = 𝜖̅𝑖̇𝑗𝑒 + 𝜖̇𝑡ℎ𝛿𝑖𝑗 + 𝜖𝑖̇𝑗
𝑝 + 𝜖𝑖̇𝑗𝑐 + 𝜖𝑖̇𝑗𝑑 (1) 

where 𝛿𝑖𝑗 is the Kronecker delta. The thermal expansion strain rate is given by 
𝜖̇𝑡ℎ = ΑΔ𝑇 where Α(T) is the linear thermal expansion coefficient that is a 
function of temperature and Δ𝑇 denotes the temperature difference between 
two time increments. The damage strain tensor 𝜖𝑖𝑗𝑑 = ∫ 𝜖𝑖̇𝑗𝑑𝑑𝑡 represents the 
additional elastic straining due to microcrack opening and closing effects [39-
42]. 

The elasto-plastic, creep, and CDM model has been adopted from (Shojaei and 
Wedgewood, 2017) and the constitutive laws are only outlined in this section. 
The interested readers may refer to (Shojaei and Wedgewood, 2017) for more 
details.  

- Elastic Constitutive Model 
Although unfilled polymers are initially isotropic, they transform to an 
anisotropic material system due to damage propagation in different direction. 
For sake of simplicity, it is assumed the damaged material system obeys 
orthotropic elastic constitutive law [27, 43-45], 
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where 𝐶𝑖𝑗 is the damaged stiffness tensors, and 𝜎̇𝑖𝑗 denotes the Cauchy stress 
rate.  

- Cyclic plasticity model 

Following [30, 31, 46], Chaboche’s anisotropic plasticity flow rule with 
kinematic hardening is utilized to capture cyclic loading responses: 

𝜖𝑖̇𝑗
𝑝 = 3

2
�𝜖𝑖̇𝑗
𝑝 �

𝑠𝑖𝑗
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where �𝜖𝑖̇𝑗
𝑝 � = �2

3
𝜖𝑖̇𝑗
𝑝 𝜖𝑖̇𝑗

𝑝  is the effective plastic strain rate and 𝜎𝑦 is the yield

stress. The deviatoric stress 𝑠𝑖𝑗∗  is computed based on the following relation 
[30], 

𝑠𝑖𝑗∗ = 𝑠𝑖𝑗 − 𝑋𝑖𝑗 (3)  

where 𝑋𝑖𝑗 = 𝛼𝑖𝑗 −
1
3
𝛼𝑘𝑘𝛿𝑖𝑗 is the deviatoric part of the backstress tensor 𝛼𝑖𝑗 

(to be defined later), and 𝑠𝑖𝑗 = 𝜎𝑖𝑗 −
1
3
𝜎𝑘𝑘𝛿𝑖𝑗 is the deviatoric Cauchy stress. 

The effective deviatoric stress, �s𝑖𝑗∗ �, is computed by [30], 

�s𝑖𝑗∗ � = �3
2
𝑠𝑖𝑗∗ 𝑠𝑖𝑗∗  (4) 

Cyclic loading of unfilled polymer will result in ratcheting or shakedown, 
depending on the material system and the loading properties. In theory of 
plasticity kinematic and isotropic hardening constitutive laws are utilize to 
capture the ratcheting or shakedown phenomena. Chaboche’s kinematic 
hardening relation is considered to model the hardening responses [30, 31, 46], 

𝛼̇𝑖𝑗 = ∑ �2
3
𝐶𝑛𝜖𝑖̇𝑗

𝑝 − 𝛾𝑛𝛼𝑖𝑗�𝜖𝑖̇𝑗
𝑝 ��𝑚

𝑛=1 (5) 

where 𝛼𝑖𝑗 is deviatoric backstress tensor, and 𝐶𝑛 and 𝛾𝑛 with 𝑛 = 1, … , m are 
material parameters. Chaboche’s isotropic hardening law is utilized to capture 
cyclic changes in yield surface size [30, 31, 46]. The yield stress 𝜎𝑦 in Eq. (2) 
is defined as, 

𝜎𝑦 = 𝜎𝑦0 + 𝑅 (6) 

where 𝜎𝑦0 is the initial yield strength, and 𝑅 denotes the isotropic hardening 
effect, 

𝑅̇ = 𝑤(𝑄 − 𝑅)|𝜖̇𝑝| (7) 

where w and Q are the material constants, and R is the accumulated amount of 
the incremental change of the yield surface. Then, 𝜎𝑦0 + 𝑅   represents the size 
of the yield surface at each cycle and R approaches to its asymptotic value 
through Eq. (17). 
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- Creep Constitutive Laws: 

In the case of creep mechanisms, polymers and PMCs may undergo (i) 
cohesion creep, which is driven mainly by deviatoric part of applied stresses, 
and (ii) volumetric swelling that is a pressure driven phenomenon. Generally, 
creep models for cyclic loading are complicated and need to be introduced into 
FEA solvers through user-defined subroutines. In this work a simple power 
law relation is utilized to correlate the cyclic creep rate per cycle 𝜖𝑖̇𝑗𝑐  to the 
mean-stress 𝜎𝑖𝑗𝑚, 

𝜖𝑖̇𝑗𝑐 = 𝐴 × �𝜎𝑖𝑗𝑚�
𝛾

× 𝑡𝛼 (8) 

where 𝜎𝑖𝑗𝑚 = 0.5 × �𝜎𝑖𝑗𝑚𝑎𝑥 − 𝜎𝑖𝑗𝑚𝑖𝑛� indicates the mean-stress level, 𝑡 (sec) 
denotes the creep period, and 𝐴, 𝛾 and 𝛼 are material parameters. If cyclic 
creep, plasticity, and fatigue occur simultaneously, all behaviors may interact 
and a coupled system of constitutive equations needs to be solved.  

- Fatigue Damage Constitutive Laws: 

Damaged Young moduli 𝐸𝑖 and Poisson’s ratios 𝑣𝑖 in 3 principal directions 
are updated based upon state of the damage in each principal directions, viz. 
𝐷𝑖 [27], 

𝐸𝑖 = 𝐸(𝛿𝑖 − 𝐷𝑖) 

𝑣𝑖 = 𝑣 �𝛿𝑖 + 𝐷𝑖 �
0.5
𝑣
− 1�� 

(9) 

where 𝐸 and 𝑣 are elastic modulus and Poisson’s ratio for the virgin polymer 
system, 𝛿𝑖 is the unit vector, and 𝐷𝑖 denotes the damage tensor in 3 principal 
directions.  

The CDM model needs to capture combined LCF and HCF damage effects in 
which statistical models are required to accounts for the different failure 
mechanisms in LCF and HCF processes. For sake of simplicity, the rule-of-
mixture is utilized to control the contribution of LCF and HCF damaging 
mechanisms,   

𝐷𝑖 = 𝜁 × 𝐷𝑖𝐿𝐶𝐹 + (1 − 𝜁) × 𝐷𝑖𝐻𝐶𝐹 (10) 
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where 𝜁 is a loading characteristic and 𝐷𝑖𝐿𝐶𝐹 and 𝐷𝑖𝐻𝐶𝐹 denote LCF and HCF 
damage parameters, respectively. The loading characteristic parameter 𝜁 is 
given by: 

𝜁 =
(𝜎𝑚𝑎𝑥 − 𝑆𝑒)

(𝜎𝑢 − 𝑆𝑒)
(11) 

where 𝜎𝑢 and 𝑆𝑒 are ultimate and endurance stresses, respectively, and 
𝑆𝑒 < 𝜎𝑚𝑎𝑥 < 𝜎𝑢 is the maximum stress in a cycle. Thus, for 𝜁 = 0 the HCF 
damage mechanisms dominate the fatigue failure, for 𝜁 = 1 the LCF damage 
mechanisms dominate the fatigue failure, and for 0 < 𝜁 < 1 a linear 
combination of LCF and HCF damage mechanisms controls the lifetime. 

The damage mechanisms in HCF corresponds to initiation and propagation of 
microcracks and the HCF damage parameter 𝐷𝑖𝐻𝐶𝐹 is defined by,  

𝐷𝑖𝐻𝐶𝐹 = ∑ 𝑎𝑖−𝑎0
𝑎𝑐𝑟−𝑎0

3
𝑖=1 (12) 

where 𝑎𝑖 = ∫ 𝑎̇𝑖𝑑𝑡 is the microcrack length that is integrated in 3 principal 
directions, 𝑎0 denotes initial microcrack length, and 𝑎𝑐𝑟 ≈ 1(mm) represents 
the critical crack length in which unstable fracture occurs. On the other hand, 
the LCF damage mechanisms are governed by void nucleation and 
propagation. The damage parameter for LCF is then given by,   

𝐷𝑖𝐿𝐶𝐹 = ∑ 𝑉−𝑉0
𝑉𝑐𝑟−𝑉0

3
𝑖=1

(13) 

where 𝑉𝑖 = ∫ 𝑉̇𝑖𝑑𝑡 is microvoid volume growth, integrated in 3 principal 
directions that results in an elliptical void, 𝑉0 represents the initial microvoid 
volume, and 𝑉𝑐𝑟 ≈ 1(𝑚𝑚3) represents the critical void volume in which 
unstable fracture occurs.  

The constitutive relation for computation of the microcrack length growth rate 
𝑎̇𝑖 and microvoid volume growth rate 𝑉̇𝑖 can be developed based upon cyclic 
stress, strain or hysteresis energy concepts. The most promising approach for 
calibrating the CDM fatigue model is to use directly measured S-N or E-N 
data to develop the constitutive laws. In order to reproduce S-N data, a 
partitioning method for the stress is adopted herein. The S-N data needs to be 
curve-fit to feed into the computational tool. Any complex S-N data in 
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polymers can be fit by splitting the life space into 𝑁 < 𝑁𝑠𝑝𝑙𝑖𝑡 and 𝑁 ≥ 𝑁𝑠𝑝𝑙𝑖𝑡 
as follows,  

𝑆(𝑇) =

⎩
⎪
⎨

⎪
⎧𝐶𝑒𝑒

(𝑇)𝑁𝐴𝑒𝑒
(𝑇)

+ 𝐶𝑝𝑝
(𝑇)𝑁𝐴𝑝𝑝

(𝑇)
                            for 𝑁 > 𝑁𝑠𝑝𝑙𝑖𝑡

𝑆0
(𝑇) − 𝑆𝑁𝑠𝑝𝑙𝑖𝑡

(𝑇)

1 − 𝑁𝑠𝑝𝑙𝑖𝑡
(𝑇) �𝑁 − 𝑁𝑠𝑝𝑙𝑖𝑡

(𝑇) � + 𝑆𝑁𝑠𝑝𝑙𝑖𝑡
(𝑇)    for 𝑁 < 𝑁𝑠𝑝𝑙𝑖𝑡

(14) 

where superscript “(𝑇)” denotes the temperature, parameter 𝑆0
(𝑇) is the 

reference quasi-static strength at 𝑇, 𝑆𝑁𝑠𝑝𝑙𝑖𝑡
(𝑇)  is calculated strength by setting

𝑁 = 𝑁𝑠𝑝𝑙𝑖𝑡 is Eq. (24)1. The first equation in Eq. (24)1 is basically a simple 
stress partitioning law, where 𝐶𝑒𝑒

(𝑇) (MPa), 𝐴𝑒𝑒
(𝑇), 𝐶𝑝𝑝

(𝑇) (MPa), and 𝐴𝑝𝑝
(𝑇) are all

curve fitting parameters for temperature 𝑇. The values of 𝐶𝑒𝑒
(𝑇) and 𝐶𝑝𝑝𝑇  can be

approximated directly found from S-N data in which 𝐶𝑒𝑒
(𝑇) = 𝑆𝑒

(𝑇) is the
endurance limit at temperature 𝑇 and 𝐶𝑝𝑝

(𝑇) = 𝑆0
(𝑇) − 𝑆𝑒

(𝑇).

2. Computational Implementation

The CDM-FEA framework is implemented into a Abaqus through user-
defined coding, i.e. UMAT. The developed damage variables are updated 
cyclically at each material point as field variables and the updated values are 
utilized to reduce the elastic tensile and shear moduli in 3 principal directions. 
Once the damage parameter reaches to its critical value in the integration 
points, the corresponding stiffness is set to a small value to artificially remove 
the respective element from the model. A unique feature of the developed 
fatigue computational platform is the combination of cyclic creep and cyclic 
fatigue damage in which the history of fatigue and creep phenomena is 
captured and is considered for the next time increment.  

3. RESULTS AND DISCUSSION:

DuPont™ Delrin® acetal homopolymer resin is a highly-crystalline 
engineering thermoplastic polymer particularly suited for high load 
mechanical applications, such as gears, safety restraints, door systems, 
conveyor belts, healthcare delivery devices and components across a diverse 
range of products and industries. The performance of the developed 
computational platform is investigated for fatigue life prediction and self-
heating effects of Delrin®. Density of Delrin 100 is about 1420 (Kg/m3), 
coefficient of thermal conductivity is in the range of 0.3 to 0.37 (W/m oC), and 
its specific heat is assumed to be 1100 (J/Kg oC).  
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Figures 3 (a) and (b) show the elasto-plastic response of Delrin100 at 23oC 
and 60oC, respectively, in which Chaboche’s plasticity model is used to 
simulate a deformation controlled cyclic loading, 𝜖𝑚𝑖𝑛 = 0% and 𝜖𝑚𝑎𝑥 =
50%. 

Figure 2 Delrin® 100 elasto-plastic response and plasticity model performance under 
deformation controlled cyclic loading at (a) temperature is 23oC and the undamaged 

Young modulus is 𝑬� ≈ 𝟑𝟏𝟎𝟎 (MPa), and undamaged Poisson’s ratio is 𝒗� = 𝟎.𝟑, and (b) 
T= 60oC, 𝑬� ≈ 𝟐𝟎𝟎𝟎 (MPa), and 𝒗� = 𝟎.𝟑.   

The cyclic plasticity and CDM models are utilized to replicate the S-N data 
points for both 23oC and 60oC cases. Figures 3(a) and (b) illustrate 
respectively the performance of calibrated CDM model in capturing S-N 
curves at 23oC and 60oC. Other CDM model parameters are listed in Table 1. 
The S-N models for 23℃ and 60℃ are shown by solid blue lines and the 
model parameters are listed in Table 2.  

Table 1 CDM Model parameters for Delrin®100 
𝑎𝑐𝑟 (mm) 𝑎0 (mm) 𝑉𝑐𝑟 (mm3) 𝑉0 (mm3) 𝜖𝑓 (%) 

1 0 1 0 15 

Table 2 S-N model parameters for Delrin®100 at 23oC and 60oC (f= 
1(Hz), and R=0.1) 

𝑻 
(℃) 

𝑪𝒆𝒆 
(𝑴𝑷𝒂) 𝑨𝒆𝒆 

𝑪𝒑𝒑 
(𝑴𝑷𝒂) 

𝑨𝒑𝒑 𝑵𝒔𝒑𝒍𝒊𝒕 

23 51 -0.01 68-𝐶𝑒𝑒 -0.6 5000 
60 46 -0.005 53-𝐶𝑒𝑒 -0.2 1000 
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Figure 3 Delrin® 100 S-N curve at (a) T=23oC and (b) T=60oC. Fatigue experiments have 
been conduced at 10Hz loading. The S-N model is utilized to curve fit the experiments 
(blue line). The curve fit S-N model is then introduced to the CDM-FEA computational 
tool to predict the fatigue life. CDM-FEA model correlates well with the experimental 

data.  

For sake of simplicity, linear correlations are utilized herein to link the 
frequency and stress effects and self-heating.  

𝐹(𝑓) = 𝜂0
𝑓 + 𝜂1

𝑓−𝜂0
𝑓

𝑓1−𝑓0
(𝑓 − 𝑓0), 

𝐺(𝜎𝑚𝑎𝑥) = 𝜂0𝜎 + 𝜂1𝜎−𝜂0𝜎

𝜎1−𝜎0
(𝜎 − 𝜎0). 

(15) 

where 𝜂0
𝑓 and 𝜂1

𝑓are dissipation coefficients at 𝑓0 and 𝑓1 frequencies,
respectively, and  𝜂1𝜎 and 𝜂0𝜎are coefficients at 𝜎1and 𝜎0, maximum stress 
levels, respectively. Table 3 summarizes the values for these coefficients for 
the simulation results that are shown in Fig 4(a).  

Table 3 Empirical coefficients for frequency and max stress effects on 
self-heating  

𝑓 
(𝐻𝑧) 

𝜎𝑚𝑎𝑥

𝜎𝑢
𝜂0
𝑓

(%) 
𝜂1
𝑓

(%) 
𝜂0𝜎 
(%) 

𝜂1𝜎 
(%) 

1 0.65 6.0 - - - 
5 0.65 - 6.8 6.8 - 
5 0.9 - - - 8.0 

As reported by Vallance et al. [50], frequency, load amplitude, and number of 
cycles can all affect the self-heating in Delrin® 100, see Fig. 5. Figure 4(a) 
shows the effect of frequency on temperature rise at stabilized cycles in which 
simulation results correlates well with the reported temperature rises, by 
Vallance et al.[50]. Figure 4(b) indicates that the transient nature of the self-
heating effect in which temperature is stabilized at certain cycle number. The 
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maximum applied load level on the sample also contributes to the temperature 
rise, as depicted in Fig. 4(c).  

Figure 4 Effect of (a) frequency, (b) number of cycles, and (c) load amplitude on the self-
heating phenomenon in Delrin® 100. Experiments are after [50].  
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ISO-3167 bar is subjected to the 2.8-0.06 (kN) cyclic loads with 1 (Hz) 
frequency in Fig. 5. The calculated temperature rises, using the proposed 
coupled CDM-FEA method, correlate well with the reported experimental data 
in Fig. 4(a).  

Figure 5 ISO-3167 bar is subjected to the 2.8-0.06 (kN) cyclic loads with 1 (Hz) frequency. 
CDM-FEA simulation for temperature rise in Delrin® 100. The simulation results 

correlate well with the experimental data, shown in Fig. 5(a).  

The next case study is Delrin® self-heating effects in a 50×100×2mm open-
hole sample with a 10mm central hole. Figure 5 depicts the FEA problem in 
which an open hole sample is loaded cyclically. The mechanical dissipation 
mechanisms are converted into heat generation in each element. The thermal 
problem considers both a conductive (within the sample) and a convective 
(between sample and air) heat transfer mechanism to calculate the temperature 
at each element.  

Figure 6 shows an open hole sample, subjected to a stress-controlled cyclic 
loading, viz. 0-35 (MPa). Temperature, damage and plastic strain for different 
cycles are depicted. At N=500 the fatigue damage is initiated and at N=2500 
and N=3000 an inclined crack is formed. The temperature rises due to 
progressive fatigue damage and cyclic plasticity effects are shown at N=500, 
2500, and 3000 cycles.  
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Figure 6 Abaqus simulation: An open-hole Delrin® 100 NC010 sample under 0-35 (MPa) 
stress-controlled cyclic loading. The graph shows the effects of progressive damage 

and cyclic plastic on self-heating.  
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4. Concluding Remarks

The effects of self-heating on fatigue life of polymer and PMC systems are 
investigated. The thermodynamic principles are utilized to link cyclic 
hysteresis energy to the heat buildup effects. It is shown that the CDM-FEA 
model can capture the self-heating effect and the simulations results correlates 
well with observed experimental data.   
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