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Abstract: During indentation of brittle materials, cracks may be forming around the impression, 
depending on load conditions, material and indenter geometry. We investigate the effect of 
indenter geometry (half-included angle, number of edges) on crack characteristics by indentation 
cracking test and finite element analysis (FEA). Considering conditions for crack initiation and 
propagation, an FE model is established featuring cohesive interfaces in zones of potential crack 
formation. After verification of the FE model through comparison with experimental results for 
Berkovich and Vickers indentations, we study the crack shapes for diverse indenter geometries in 
Abaqus and establish a relation between crack size and number of indenter edges. Based on this 
relation as well as the effect of indenter angle on crack size, a formula is established which 
enables us to predict from the crack size obtained with a reference indenter (such as Berkovich or 
Vickers) the crack size for an indenter of different geometry. 
Keywords: Indentation Cracking Test; Brittle Materials; Cohesive Zone Model; Indenter 
Geometry; FEA 

1. Introduction 

For the past 30 years, abundant research has been conducted to extract the fracture toughness Kc 
from indentation tests. Effort has been put into finding a relation between Kc and the crack length 
c by transferring theory valid for single cracks to the more complex multi crack systems being 
generated during indentation. In contrast to traditional Kc evaluation methods, the fracture 
toughness can be readily obtained by only one indentation on a small specimen, making the 
method cost- and time-saving. 

Based on Hill’s expanding cavity model (Hill, 1950), Lawn et al. (1980) and Anstis et al. (1981) 
suggested a well-known equation to derive Kc from crack length c, indentation load Pmax, hardness 
H and Young’s modulus E (Figure 1) 

1/2

3/2c

E P
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 (1) 

For Vickers indentation on a number of glasses and ceramics, Anstis et al. (1981) found the 
indenter geometry factor  to be 0.016±0.004. Despite the advantage of Lawn et al.’s model – 
once  is known, Kc is calculated by values that can be readily obtained during indentation – 
Equation 1 contains several assumptions and simplifications. To date, no concrete method has 
been developed as to how to obtain . On the other hand, the in situ observation of crack 
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when E/H is small, well-developed cracks form even at low c/a ratios. For c/a ≥ 2.5, the ratio 
Pmax/c

3/2 attains a constant value and a semicircular crack forms, independent of the material. 
Results obtained by FEA and experiments are listed in Table 1. The experimental value for 
Pmax/c

3/2 is calculated using Equation 1 with  = 0.016 and the Kc values provided by Anstis 
(1981). For the case that well-developed cracks form, the FEA results for Pmax/c

3/2 differ from the 
experimental values by 12 %. Considering the error associated with the crack length measurement, 
we may state that the cracking analysis using the CZM is relatively accurate for evaluating crack 
growth and shape. The impression and crack morphology obtained by experiment and FEA after 
indentation on Si3N4 (NC132) with Pmax = 100 mN is depicted in Figure 5. 

c / a

1.0 1.5 2.0 2.5 3.0

P
m

ax
 / 

c3/
2  

(m
N

/
 m

3/
2 )

0

30

60

90

120

150
Anstis et al. (1981) 

SLG AG

GC

Si3N4 (NC132)

Si3N4 (NC350)

 

Figure 4.  Pmax / c3/2 vs. c / a for 5 materials. 

4. Cracking characteristics for diverse indenter shapes 

4.1 Indentation cracking tests with 3-sided indenters 

In contrast to Vickers indentation, 3-sided indenter induced cracks do not exhibit symmetry with 
respect to the plane normal to the cohesive plane and through the origin. The indenter shape is 
characterized by the number of indenter edges (equal to the number of developed cracks nc) and 
the half-included angle (Figure 1c). Si(100) and Ge(100) specimens are indented using the Nano 
Indenter-XP (Agilent Technologies). Radial crack length c and impression size a are measured for 
various  and Pmax values and crack characteristics are compared with numerical analysis results. 
a is the radial distance from the center to the corner of the impression while c is the radial distance 
from the center to the crack’s end (Figure 1b); the values for a and c in Table 2 are averaged 
values. 

The half-included angles are   = 35.3° (cube-corner), 45°, 55°, 65.3° (Berkovich). Load-controlled 
indentation is performed with loads up to Pmax = 50 mN. Jang and Pharr (2008) showed that the 
loading rate vi does not have influence on the crack length for vi = 0.5 mN/s ~ 5.0 mN/s; the 
loading rate is set to 0.5 mN/s. Since Ge(100) has a comparatively low fracture toughness,  
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Table 1.  Values for c from FE analysis and nano-indentation test. 

Materials, 
Kc (MPa·m1/2) 

FE Analysis (max = 0.5 GPa) 
Indentation 
test (1) 

E/H(1) o
(2) 

(GPa) 
Pmax 
(N) 

c 
(m) 

P/c3/2 P/c3/2 

Si3N4 (NC132), 
4.0 

300 / 18.5 10.2 

5 12.1 124.2 

60 

10 21.9 97.7 
20 38.5 83.9 
40 65.8 75.0 
60 89.3 70.9 
80 109.1 68.4 
100 129.2 67.9 

Glass ceramic 
(C9606), 
2.5 

108 / 8.4 4.5 

5 18.8 60.4 

43 
10 32.9 53.1 
20 55.5 48.3 
40 91.9 45.3 
50 107.1 45.0 

Si3N4 (NC350). 
2.0 

170 / 9.6 4.5 

3 12.8 30.9 

33 
5 16.7 28.8 
10 23.2 27.1 
20 32.9 26.3 

Aluminosilicate glass, 
0.91 

89 / 6.6 3.6 
3 15.2 16.4 

19 
5 19.3 16.3 

Soda lime glass, 
0.74 

70 / 5.5 3.1 
1 9.6 13.2 

14 
3 17.5 13.1 

(1) From Anstis (1981); (2) obtained by trial and error  
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Figure 5.  Crack morphology after unloading for Si3N4. left: experiment; 
right: FEA 
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4.2 FE analysis with 3-sided indenters and comparison with experimental 
results 

For the CZM-based indentation cracking analysis we have to specify values for the material 
properties Kc and . In order to predict cracking behavior of real materials, the Young’s modulus 
E and yield stress o have to be determined accurately. E and H can be measured during the 
indentation test. Young’s modulus can be obtained by the O-P (Oliver and Pharr) method (Oliver, 
1992) 

   
max

2 21 12 1
;

t

I

r
t r Ih h

dP
S E A

dh E E E

 




 
     (4) 

where S, Er and A are initial slope of the unloading curve, effective Young’s modulus and 
impression size at Pmax, respectively. The geometric coefficient  is 1.034 for cube corner and 
Berkovich indenters. The test is repeated 9 times, with Pmax = 50 mN and  = 65.3° (Berkovich). 
For indentation depths ≥ 0.15 m, we obtain for Si(100) {H, E}= {12.0, 180} and for Ge(100) {H, 
E}= {10.0, 144} [GPa]. However, difficulties regarding the range of regression for acquiring S and 
the evaluation of the impression size A (contour is “blurred” due to sink-in/pile-up) may result in 
inaccurate values for E. The E value obtained by the O-P method is therefore taken as a start value 
in the FE analysis and modified until the P-ht curve matches the experimental one. Figure 7 shows 
the curves for Si (100), Pmax = 50 mN. When setting in FEA {E, o}= {138, 5.4} for Si(100) and {E, 
o}= {113, 4.7} [GPa] for Ge(100), we obtain, applying the O-P method, {H, E}= {12.0, 180.8} 
and {H, E}= {10.2, 143.4} [GPa], respectively, values that are close to the experimental ones. 

3-sided indenters with  = 55°, 65.3° are employed in the analysis. The full model is used here. 
Indentations are performed with Pmax = 50 mN. Fracture toughness values (Anstis, 1981; Jang, 
2008) and crack lengths for diverse indentation loads are listed in Table 3. For  = 55° and 
Si(100), the deviation between experimental and FEA crack lengths is about 1.4 % when assuming 
Kc = 0.7 MPa·m1/2, and about 30 % when assuming Kc = 1.0 MPa·m1/2. For  = 65.3°, the 
deviation is 5 % when assuming Kc = 0.7 MPa·m1/2 (with Kc = 1.0 MPa·m1/2 and  = 65.3°, no 
cracks formed). Thus, based on the FEA results, the fracture toughness of Si (100) is 
approximately Kc = 0.7MPa·m1/2. For Ge(100), the deviation in crack lengths using indenters with 
 = 55° and  = 65.3° is 20 % and 16 %, respectively. When assuming Kc = 0.5 MPa·m1/2, the 
deviation decreases to 6.6 % and 0.8 %, respectively. 

4.3 Formation of cracks induced by 3-sided indenters 

Due to geometric reasons, asymmetric cracks (i.e. not symmetric with respect to the plane normal 
to the cohesive interface and through the origin) may be induced by 3-sided indenters, as 
illustrated in Figure 9 (crack types 2 to 5). Figure 8 shows the shape of the crack in zone A 
obtained after Berkovich indentation ( = 65.3°) on an elastic-perfectly plastic material with E = 
200 GPa, o = 5 GPa,  = 0.3, max = 0.5 GPa, = 0.0025 GPa·m (Kc = 0.74 MPa·m1/2). In zone A, 
a circular crack has formed after indentation to hmax = 1.0 m and subsequent unloading, whereas in 
zone B, the indenter has not caused any cracking. The change in displacement  (i.e. the distance 
between nodes that were initially at the same position) with indentation depth ht is observed at the 
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Table 3.  Variation of c and a with indentation variables (3-sided indenter). 

E = 200 GPa, o = 5 GPa,  = 0.3,  f = 0.2, KIC = 0.74 MPa·m1/2, max /c = 1/4 

Cohesive zone properties () hmax (m) Pmax (mN) c (m)

max = 0.5 GPa  
 = 0.0025 GPa·μm 

55 1.0 122.4 6.89 

65.3 
1.0 237.3 9.06 

2.0 946.5 23.2 

75 1.0 524.4 11.9 
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Figure 10.  Separation vs. indentation depth. left: hmax = 1 m; right: hmax = 2 m. 

4.4 Change of crack size with indenter shape 

Ouchterlony (1976) established a relation between mode I stress intensity factor K and nc  

1 1

2
( ) ; ( ) / 1 sin

2 2
c c

c F c
c

n n
K k n K k n

n




 
   

 
 (5) 

k1 is the normalized stress intensity factor and KF =F / (c) 1/2 for a centrally loaded star crack, 
where F is the central expansion force (crack opening force). The following relations between Kc, 
P and c exist (Dukino, 1992) 

3/2 3/2/ ; /c B c VK x P c K x P c   (6) 

Here xB (Berkovich) and xV (Vickers) are indenter shape-dependent coefficients. They are related 
through 
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1

1

(4)

(3)
B

V

x k

x k
  (7) 

According to Equation 5, the ratio of k1 for Vickers to k1 for Berkovich is approximately 1.073. 
The crack length ratio (Vickers to Berkovich) is then (1.073) 2/3 ≈ 1.05. Equivalently, the ratios of 
crack length using Berkovich to crack length using 6-sided pyramid (nc = 6), 8-sided pyramid (nc 
= 8), 12-sided pyramid (nc = 12) indenters are (1.244) 2/3 ≈ 1.16, (1.327) 2/3 ≈ 1.21, (1.408)2/3 ≈ 1.26, 
respectively. Plotting the normalized crack length (i.e. normalized by the Vickers crack length cV) 
versus nc, we get the grey curve in Figure 11. As expected, c decreases to 0 for nc → ∞  so that 
cracks are supposed not to occur for spherical indenters. 

To study the change of crack length with crack shape, analysis is performed with the FE models in 
Figure 3a-c. Material properties are E = 200 GPa, o = 5 GPa,  = 0.3, max = 0.5 GPa,  = 0.0025 
GPa·m (or Kc = 0.74MPa·m1/2). Indenters with = 69.8° (8-sided pyramid), 69.4° (6-sided 
pyramid), 68° (Vickers), 65.3° (Berkovich) are employed.  is chosen such that projected 
impression areas are equal at equal loads. After indenting to hmax = 0.4 – 1.2 m and subsequent 
unloading, we measure c and a. Since the ratio c/a has a constant value independent of max and 
(max /c) (Lee, 2012), we set max /c = 1/4. At equal maximum loads the radial length and depth of 
the crack increase with decreasing nc (Figure 12, left). On the other hand, at equal indentation 
depths the Berkovich indentation load is larger than that for Vickers, 6-, and 8-sided pyramid 
indenters. This means, if one wants to accurately compare changes in crack length with indenter 
shape, one has to indent applying equal loads or one has to infer the crack length at an equal load 
value. It had been purported that only when well-developed cracks (half-penny crack, c/a ≥ 2.5) 
form, c and Pmax

2/3 were proportional to each other (Anstis, 1981; Niihara, 1983). However Jang 
and Pharr (2008) noticed recently that in Si(100) and Ge(100), the crack length was proportional 
to Pmax

2/3 also at low loads, yet did not investigate a larger range of materials. 
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Figure 11.  Normalized crack length c/cV vs. nc. 
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The maximum difference between Pmax/c
3/2 values obtained for different indenter shapes at 

indentation depths hmax = 0.4 – 1.2 m is 27 %, the average deviation is around 18 %. From this 
we conclude that Pmax/c

3/2 is constant at low loads only for Si(100), Ge(100). For four types of 
indenters, Pmax/c

3/2 converges to a constant value when hmax ≥ 0.8 m. The critical value for c/a 
(where Pmax/c

3/2 converges to a constant value) increases with nc (Figure 12, right). Under the 
condition that a well-developed crack has formed (i.e. Pmax/c

3/2 = constant), the change of c with 
indenter geometry is analyzed. Applying the same load that was used in Vickers indentation, the 
crack lengths for Berkovich (cB'), 6-sided pyramid (csix'), and 8-sided pyramid indenter (ceight') are 
evaluated at cB' / cV, csix' / cV, ceight' / cV = 1.10, 0.86, 0.76 (Table 4); the ratio is hardly affected when 
material properties are changed to E = 400 GPa and  = 1.048 MPa·m1/2. 
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Figure 12.  left: c vs. Pmax, right: c / a vs. Pmax / c3/2 for 4 different . 
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Figure 13 Variation of c with the centerline-to-face angle . 
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Dukino and Swain (1992) compared the crack lengths for Berkovich and Vickers indentation on 6 
different materials (LinBO3, Ge, SF17, BK7, Si, SiC) and the crack length ratio cB/cV was found to 
be approximately 1.07 which is similar to our crack length ratio (1.10). Based on the crack length 
ratio, a formula is established expressing the relation between crack number nc and crack length 
(normalized by cV). Taking into account that c approaches zero for nc→∞, we can write 

2
1 1 2/ ; ( , ) (1.3680, 0.0778) , 3ck n

V cc c k e k k n    (8) 

By means of Equation 8, the crack length for other indenter shapes can be predicted based on the 
referential Vickers value. The corresponding graph is shown in Figure 11. For identical indenters 
(i.e. with equal nc and ) one has to further study the change of c with . Lawn et al. (Lawn, 1980) 
found  to be proportional to (cot) 2/3. Consequently, c is proportional to (cot) 4/9. This relation 
is in accordance with results from Vickers indentation cracking analysis (Figure 13). 

Table 4.  Comparison of crack lengths obtained from four different indenters. 

E = 200 GPa, max = 0.5 GPa, o = 5 GPa,  = 0.3, f = 0.2, max /c = 1/4 

Cohesive zone 
properties 

Pmax 

(mN) cV (m) cB'/c V cV'/cV csix'/cV ceight'/cV 

Kc = 0.741 MPa·m1/2 
(E = 200GPa) 

231.6 8.09 1.10 1.00 0.86 0.76 

Kc = 1.048 MPa·m1/2 
(E = 400 Pa) 

311.3 9.63 1.09 1.00 0.84 0.75 

When c1 is known for the angle 1, c2 can be obtained for a different angle 2
 through 

4/9

2
2 1

1

cot

cot
c c




 
  

 
 (9) 

Eqations 8 and 9 provide a method to predict the crack length when an indenter of different 
geometry is employed (provided loads are equal). This means, any fracture toughness evaluation 
method for an indenter with a certain combination of (nc,) can be extended to indenters with 
different nc and. 

5. Conclusion 

Using FEA, we analyzed the change of crack length c with indenter shape (number of edges nc and 
half-included angle ) for indentation cracking tests on brittle materials. To simulate indentation 
cracking in Abaqus, cohesive interfaces were placed in the radial planes where crack nucleation 
and propagation is expected. The behavior of the cohesive zones is governed by a simple traction-
separation law. After comparing numerical analysis results with data from the literature, the FE 
model was found to be appropriate. To analyze crack characteristics for 3-sided pyramidal 
indentation (nc = 3), indentation cracking tests on Si(100) and Ge(100) specimens were conducted 
with different loads and indenter angles. Hardness H and Young’s modulus E were obtained from 
Berkovich indentation in an iterative manner by changing E in Abaqus until the FE load-
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indentation depth curve and E and H obtained by the O-P method were in a good agreement with 
experimental results. We then investigated the change of crack length c with the number of 
indenter edges nc. Having confirmed that for equal indentation loads, c decreases when nc is 
increased, an equation was established relating c (normalized by the reference Vickers crack 
length for the same load) to nc. Similarly, keeping nc constant, c was related to the half-included 
angle . Applying these two equations, we can now predict from the crack length induced by one 
indenter the length of the crack that would be induced by an indenter of different geometry. This 
means that a fracture toughness evaluation method developed for one indenter type can be easily 
transformed into a more generalized form. 
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