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Abstract: The deviatoric response of the Marlow model in Abaqus is defined by test data from a
single mode of deformation. For example, the model can be defined with uniaxial tension data or
uniaxial compression data but not with both (except in very limited cases involving 1-D elements).
The fact that the Marlow model depends only on the first strain invariant causes the limitation.
This paper shows that the Marlow model in Abaqus is a special case of a hyperelastic potential
function which involves the first and second strain invariants. The extended Marlow model is
defined by uniaxial tension and equibiaxial tension data (or, equivalently, uniaxial compression
data). Furthermore, the extended model will exactly reproduce the entire set of test data used to
define it, just as the first-invariant model does. An implementation of the model in a UHYPER
subroutine is discussed and results from an analysis of a component are presented.
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1. Introduction

The constitutive behavior of elastomers and some polymers is often modeled using hyperelasticity.
The behavior of an isotropic hyperelastic material is defined by a strain energy density function
which relates strain invariants to the amount of energy in the material. Many forms of the strain
energy function have been programmed into the Abaqus code. All of them except the Marlow
model have a parameterized functional form. In applications, the parameters are determined by
curve-fitting data from tests in fundamental modes of deformation.

The Marlow model for hyperelasticity in Abaqus is completely defined by stress-strain data from a
test in a single mode of deformation such as uniaxial tension. In simulations, the model will
faithfully reproduce the test data used to define it. However, test data from another mode of
deformation, for example uniaxial compression, cannot be used to alter the definition. This
limitation arises from the fact that the Marlow model depends only on the first strain invariant
(Marlow, 2003). Except in limited cases involving 1-D elements, test data above and beyond that
used to define the model is useful only for comparison to the simulated mechanical responses.

The first-invariant Marlow model in Abaqus is a special case of a more general relation involving
the second strain invariant. The more general relation is capable of representing the mechanical
response of the material to additional deformation modes. It can, for example, reproduce the
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mechanical response to uniaxial tension and uniaxial compression. The more general relation,
which involves the second strain invariant as well as the first, has been known to the author since
the time when the first-invariant Marlow model was introduced into Abaqus. The motivation of
this paper is the desire to publicize the existence of a two-invariant Marlow model that can capture
the mechanical response of a material in multiple, fundamental deformation modes.

This paper describes the basic mathematical form of the two-invariant Marlow model and its
implementation in a UHYPER user subroutine. The UHYPER subroutine is outlined and some
results are presented for a comparison of the two-invariant Marlow model with the Ogden model.

2. Mathematical Form of the Two-Invariant Marlow Model

A strain-energy density function for an incompressible, two-invariant Marlow model is shown in
Equation 1. The first invariant, 7}, is the trace of the left Cauchy-Green deformation tensor B. The
second invariant in the equation, /5, is not the traditional second invariant. Rather, it is the trace of
B?. The other terms in Equation 1 are described in the following paragraphs. Equation 1 is written
in terms of data from a uniaxial tension test and an equibiaxial tension test. Similar relations can
be developed which include test data in other deformation modes. The number of independent
tests is not limited to 2 but the complexity of the relation increases substantially as more
deformation modes are included.

Sy h(l,)
U, 1) = C, (I, I)[ T,(AdA+C (1, )| 2T, (A)d2

Equation 1. A Two-Invariant Marlow Model

The function freturns the uniaxial stretch at which the first invariant has a given value /. The
uniaxial response function T, represents the uniaxial tension response of the material derived from
test data. That is, 7,(4) is the nominal uniaxial stress at the uniaxial stretch A. The first integral is
the energy caused by a uniaxial deformation to a stretch of f{7,).

The function % returns the equibiaxial stretch at which the first invariant has a given value /,. The
equibiaxial response function 7, represents the equibiaxial tension response of the material
derived from test data. That is, T,(4) is the nominal equibiaxial stress at the equibiaxial stretch A.
The second integral is the energy caused by an equibiaxial deformation to a stretch of /(7).

The partitioning functions C, and C, are the key factors which allow the two-invariant model to
represent precisely more than one deformation mode. The partitioning functions sum exactly to 1
for all allowable deformations. The first function, C,, is 0 for a tensile equibiaxial deformation
while the second function, C,, is O for a tensile uniaxial deformation. The first-invariant Marlow
model can be recovered by discarding the second term in Equation 1 and setting C, to 1. Natural,
closed-form representations for the partitioning functions and for the functions f'and /4 exist. These
are used in a UHYPER subroutine outlined in the following section but are not defined here.
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3. Outline of UHYPER Subroutine for the Two-Invariant Model

The UHYPER subroutine (Dassault Systémes, 2007) allows a user to define a hyperelastic
material in terms of derivatives of the strain density. Equation 1 has been implemented in a
UHYPER subroutine for a particular set of material test data.

The implementation of Equation 1 is relatively straight-forward. First, Equation 1 is differentiated
as required by the UHYPER subroutine. The differentiation must account for the nonstandard
definition of the second strain invariant. The integrands are assumed to be “nice” functions when
computing the derivatives. Next, cubic-spline representations of 7, and 7, are defined using a
particular set of test data and are programmed into subroutines which are called by UHYPER
when necessary. Finally, the UHYPER subroutine is programmed to compute the derivatives of
the strain-energy density function. Compressibility can be introduced by defining derivatives with
respect to the volume ratio. Compressibility will cause a slight deviation of the simulated
responses from the test data. The deviation will not be a problem in applications involving nearly
incompressible materials.

The simulated uniaxial response for a 1-element model is compared with the test data in Figure 1.
The simulated response passes through the test data just as the first-invariant Marlow model
would. Results from a third-order Ogden model are shown for comparison. The Ogden model is
defined by a curve-fit to a complete set of test data (uniaxial tension, equibiaxial tension, planar
tension).
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Figure 1. Simulated Uniaxial Response
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Figure 1 shows a simulated response for the two-invariant Marlow model beyond the end of the
test data. An extrapolated response is created in a natural way by defining an extrapolation of the
uniaxial response function.

Figure 2 shows a comparison of the simulated equibiaxial response to the test data. The simulated
response passes through the test data just as is it should. Again, an extrapolated response can be
included in a natural way.

The two-invariant Marlow model in Equation 1 is completely defined by the uniaxial and
equibiaxial tension data. Test data for planar tension does exist for the material represented by the
UHYPER subroutine. The simulated planar tension response is compared to the test data in Figure
3. We should not expect the simulated response to pass precisely through this data because it was
not included in the definition of the UHYPER subroutine. However, in this case, the simulated
response is very close to the test data.
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Figure 2. Simulated Equibiaxial Response
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Figure 3. Simulated Planar Tension Response

4. A Results Comparison

The UHYPER subroutine described above has been used in models that are much more
complicated than the simple 1-element simulations used for the simple deformation mode
analyses. For example, the UHYPER subroutine has been used in the shifter boot model shown in
Figure 4. The shaft is rotated and the boot deforms as shown.

Based on Figures 1 through 3, we expect results generated by the model with the UHYPER
subroutine to be very similar to those generated using the third-order Ogden model. This is indeed
the case. Figure 5 shows the maximum principal logarithmic strain in the boot at the end of the
calculations. The strains, as well as the deformed shapes, are very similar. The reaction moments
enforcing the rotations differ by less than 3%. The calculations were done in Abaqus 6.7-4.

The UHYPER subroutine is not as computationally efficient as the Ogden model. This is
attributed to the more complicated functional form of the two-invariant Marlow model and the fact
that is uses cubic splines. Still, the performance of the UHYPER subroutine is not unacceptable. A
performance comparison is shown in Table 1. Note that run times are normalized by the run time
for the Ogden model.

The performance of the UHYPER subroutine for other applications has been found to be similar.
In some cases, the two-invariant Marlow model allows a solution to continue past a point where it
failed with an Ogden model because the Ogden model became unstable.
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Normalized Run Time

Model (Wall Clock) Number of Solver Passes
Ogden 1.00 154
Two-Invariant Marlow 1.14 167

Table 1. Performance Comparison

5. Conclusion

The first-invariant Marlow model for the strain-energy density function in hyperelasticity in
Abaqus is a special case of a more general two-invariant representation. Although the two-
invariant representation is not a built-in Abaqus model, it can easily be implemented in the
UHYPER user subroutine. In simulations, the more general representation will exactly reproduce
the test data used in its definition.

The UHYPER subroutine described here is hard-coded to represent a particular material. It could
easily be modified to represent a different material. All that is required is the redefinition of the
cubic splines that are derived from the test data. Software could be developed that reads sets of test
data and generates the appropriate UHYPER subroutines, complete with user-specified
extrapolation behavior. Such a piece of software could conceivably lift the burden of having to
sort amongst the many curve-fit models to find the most suitable one.

There are several details of the two-invariant Marlow model that need further attention. For
example, there is its problematic behavior at the undeformed configuration. The uniaxial stress-
strain curve will have a discontinuity in the slope at a stretch of 1. The UHYPER subroutine as it
exists today works around this problem rather crudely. The author believes it is possible to resolve
this problem while retaining the ability of the model to exactly represent the test data. Another
lesser problem is the slight deviation of the response from the test data for a compressible
material.

6. References
1. Dassault Systémes, Abaqus Analysis User’s Manual Version 6.7, 2007.

2. Marlow, Randall S., "A General First-Invariant Hyperelastic Constitutive Model", in
Constitutive Models for Rubber III, A.A. Balkema, Lisse, 2003.

2008 Abaqus Users’ Conference 7




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


